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A multi-layered orthotropic material with a center crack is subjected to an anti-plane shear
loading. The problem is formulated as a mixed boundary value problem by using the Fourier
integral transform method. This gives a Fredholm integral equation of the second kind. The
integral equation is solved numerically and anti-plane shear stress intensity factors are analyzed
in terms of the material orthotropy for each layer, number of layers, crack length to layer
thickness and the order of the loading polynomial. Also, the case of monolithic and hybrid
composites are investigated in terms of the local fiber volume fraction and the global fiber
volume fraction.
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My : Shear modulus in y direction
for the j,, layer

& : Fourier transformation variable .

: Stress components for the j,
layer

: Integration abscissas for Gaus-
sian_Quadrature integration

W) : Displacement components in z

direction for the j,, layer
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Tms Qr

1. Introduction

Layered materials can be used for high perfor-
mance structures to have a high strength-to
-weight ratio and, when cracks are present, there
is the potential danger that they might cause
premature failure. The intensity of the stress
ahead of the crack tip is a parameter to evaluate
how load, composite geometry and material
would affect the local stress field. The critical
value of the stress intensity factor is used to study
the fracture behavior of layered composites. Sih
and Chen(1981) used Integral transforms for
studying composite materials with cracks under
two- and three-dimensional loads. An interface
crack between two different orthotropic layers
under plane extension is studied by Zhang
(1989) ; Sung and Liou(1995) studied the case of
an internal crack in a clamped orthotropic half
plane. Stress intensity factor using finite elements
was calculated by Lengo and McCallion (1997)
for orthotropic materials ; boundary integral was
applied to solve the problem of crack normal to
the multi-layered interface under tension (Lin and
Keer, 1989). Anti-symmetric loading and com-
bined normal and shear loads solved by Lee et al.
(1994 ; 1996). An inter-laminar crack under nor-
mal and shear load in multi-layered materials
were studied in previous studies (Kim et al. 1998a;
1998b).

The anti-plane shear stress intensity factor for a
finite interface crack between inner layers of four-
layered composite was examined by Chen and Sih
(1973) and the case for anti-symmetric shear
loadings was investigated by Erdogan and Gupta
(1971). Three-layered orthotropic material with
a crack under anti-plane shear loading was repor-

ted by Kim et al. (1999). This paper investigates
the muiti-layered orthotropic material with a
crack under anti-plane shear loading. A Fred-
holm integral equation is derived by the Fourier
integral transform method to evaluate the anti-
plane shear stress intensity factor by solving the
integral equation numerically. The effects of
material orthotropy for each layers, number of
layers, crack length to layer thickness and the
order of the loading polynomial are evaluated.
Also, the case of monolithic and hybrid compos-
ites are investigated in terms of the local fiber
volume fraction and the global fiber volume frac-
tion.

2. Problem Formulation

Consider a plane strain type multi-layered
material with a center crack subjected to an anti-
plane shear crack surface loading as illustrated in
Fig. 1. The crack surface is parallel to the layer
interface and perfect bonding between orthotropic
layers is assumed. Using the Fourier integral
transformation, stress and displacement compo-
nents can be formulated as given by Kim et al.
(1999).
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Fig. 1 Geometry and configuration of the model
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where G;(£, y) =A;(&) e+ B; () e

and &= - m) @)

e g (j=1,2,3,
Hy(i)

The subscript j=1 represents the first layer
where a crack is located and (), Txa(y and wyy
represent stress and displacement components. g
x(» and uy; are x and y directional shear moduli
of the j-th layer, and coefficients A; and B; are to
be determined.

Referring to Fig. 1, only the upper half plane is
considered due to the symmetry; boundary condi-
tions are

ey=—g(x) |x]<a y=0
wy=0 |x|>a y=0
Tvz() = Tyz(G+1) le <o, y=p;(j=1,
ey m—=1)
wiH=wu+y | x| <00, y=h,;(j=1,
ey —1)
Tamy=0 | x| <00, y=1h, (3)

where ;(j=1, ---, %) is the interfacial location
coordinate to j-th layer and g(x) is an anti-
plane shear crack surface loading,

g0 =Ep(Z)’
=Epl2) + Epul ) @

where p,;, and p,,., are the given influence coeffi-
cients for the symmetric and anti-symmetric load-
ing parts, respectively.

The crack surface loading g(x) is separated
into symmetric and anti-symmetric loading parts
without loss of generality. By applying the bound-
ary conditions (3) to Eq. (1) , a pair of dual
integral equations is obtained for each loading
part as follows,
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where

Al(E)

M(5)5A1(5)+Bx(c) ®

Furthermore, A,;(£) and B,(£) are defined as
follows :

T=Q 'R 9
where

Tz[Bl, Az, Bz, A:;, Bs, °tty Am Bn]T (10)
R=[R19 R29 R39 A RZn—l]T (11)

Ri=I1X eﬁli“u X Ai(&), R:= efveT X A(E)
R3=R4="'=Rzn—1=0(n51/m/
ity s Bi=vpxa [ #tyay)

E=aé, [y=Vixotxn | izt
where, [ indicates the ratio of strength of cracked
layer and the neighboring layer while g, denotes
the degree of orthotropy for the cracked layer and
@ is found in Appendix.

By following the method by Copson (1961),

(9 P2 () Jo (&)
M@= [(bzm(t)]l(ét)]dt (12)

where [, and ], are the Bessel functions of the first
kind of order 0 and 1, respectively. Also, ¢, (¢)
and ¢y, (2) are to be determined. By Eq. (12),
Eq. (5) is satisfied automatically and Eq. (6) is
reduced to the form of Fredholm integral equa-
tion of a second kind.

[ @2:(0) ]+_/O-IK(r, a)[ @2k (7) ]dz-

Trp11(0) Vi1 (1)
_[ qxl0)
-[kaH(O')] (13)
where
K 0)=/7/5 [ a(Fla/d~1)
[]o(dl')fo(dd)]
Jilar) i {ao)
2k=D ! ki
Gex (0) (_(2k)+62
26+ DI opuan
fonss (0) =g Rt o
QE+2)!1=02k+2) X (2k), -+, 4X2
QrR) =12k X (2k=2), -, 4X2

(21D 11=02k—1) X 2k~3), -, 3X1



Effect of Fiber Volume Fraction on the Stress Intensity Factors for Multi Layered.-- 923

- — _a __ -
t=ar, s=ao, 5=—a—, x=aXx

D2

$ar (1) Emaﬁ@u(f), o1 (1)

= Thars 14
2m a\/?wék+l(2') ( )

To solve the Fredholm integral equation, the
Gaussian quadrature integration technique is
utilized.
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At antn(n=lv 2v Ty NL)s @2&(Tm) and wzul
(7n) are determined numerically as follows,

]W<a,> (16)
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S mn 18 Kronecker’s delta; W (r,) and W(a,)

are the weight factors for Gaussian quadrature

with N, and N, being the number of integration

points.

The stress intensity factors at the crack tips are

calculated.

Km}a:’lti_.r‘lzljz(x*a; 755 Z'yz(l)(xs 0)
KIHL:XIEI}';j —23x+a5 755 Z‘yz(l)(x, 0) (19)

where Ky and K, refer to the right and left
crack tips, respectively. After some integral
manipulation for r,q,(x, 0), it is found that

Kiur 2@2‘]{@%(1) Doet Corer (1) ponsa}

]wm,) (18)

KIUL:\/E;:}O{— Oar (1) por+ Won1 (1) passr} (20)

3. Numerical Results and Discussion

Consider the case of orthotropic three-layered
material (n=3) with two outer half spaces. The
dimensionless stress intensity factors of the right
crack tip, Ky / pov/ma, is shown in Fig. 2 as a
function of %, / g with ['=5.0 and agrees with
Chen and Sih(1973). The convergency of the
numerical solution is listed in Table 1 and good
accuracy is found.

Next, the case of multi-layer is considered. For
simplicity, it is assumed that all the layers are
composed of identical thickness(fi=f=+-=t,=
%) and the values of the shear moduli of the
layers are gradually increasing or decreasing. In
Fig. 3, the dimensionless stress intensity factors
for each term of polynomial loading increases as
a/ t and shear modulus ratio increases. Also, the
dimensionless stress intensity factors decreases as
g increases as discussed in previous studies (Lee
et al. 1994, 1996 ; Kim et al., 1998a, 1998b). When
the layer is relatively thin (g / £,=4.0), the dimen-
sionless stress intensity factors decreases drasti-
cally as the number of layers (n) increases.

290

present solution
+ + + Chen's solution

FEN| L 1 | i I

0.0 05 1.0 15 "‘—2-0
hi/a
Fig. 2 Comparison of present numerical results with
previous solution (Chen, 1973) with [;=5.0

when ¢g=0
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Table 1 Converging behavior for dimensionless mode [II SIFs for various numbers of Gaussian_Quadrature

points.
Dimensionless SIFs, K1/ nov/7a
=20 =20 =05 =10
Bi=10 B=10 £i=2.0 £=0.5
Bi=10 8=10 £ =20 £=0.5
a/ =10 a/ h=10 a/ =30 a/ k=50
N¢ No a/ h=0.5 a/ h=0.1 a/ hy=0.5 a/ h,=0.5
48 20 1.0856469 1.0540672 0.9230966 1.1493117
30 1.0856469 1.0540672 0.9230966 1.1493117
50 1.0856469 1.0540672 0.9230966 1.1493117
100 1.0856469 1.0540672 0.9230966 1.1493117
54 20 1.0856474 1.0540673 0.9230966 1.1493118
30 1.0856474 1.0540673 0.9230966 1.1493118
50 1.0856474 1.0540673 0.9230966 1.1493118
100 1.0856474 1.0540673 0.9230966 1.1493118
60 20 1.0856471 1.0540673 0.9230967 1.1493119
30 1.0856471 1.0540673 0.9230967 1.1493119
50 1.0856471 1.0540673 0.9230967 1.1493119
100 1.0856471 1.0540673 0.9230967 1.1493119
12 1.8
n=2 -
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15 —
/// Jas e
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Fig. 3 Dimensionless mode [I] stress intensity factor for multi-layer case:
(a) a/ ty=1.0 and (b) g/ t,=4.0

3.1 Case of monolithic composites

As an application of the multi-layered analysis,
the case of monolithic composites composed of
E-glass and epoxy is considered in Fig. 4. The
material properties are summarized in Table 2.
The local fiber volume fraction near the cracked
epoxy layer region, Vs, is defined as

Vir= (21)

I
tmo + tf

Also, the global fiber volume fraction far from the
cracked epoxy layer region, Vi, is defined as

— i

Ver= tnt tr 22)

In the numerical analysis, V;r was selected to be

equal to 0.2 and 0.8, whereas 1/ was the values

0.3, 0.5 and 0.8 and g/ ¢, varing from 0.1 to 2.

0. In Fig. 5, the dimensionless stress intensity
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Table 2 The material properties used for composites
(Schwartz, 1992)

Shear modulus (GPa)
Type
Mx My
E-glass 35.0 7.0
Boron 165.0 28.0
Epoxy 1.33 1.33
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Fig. 4 Geometry of monolithic composites
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Fig. 5 Dimensionless mode II stress intensity factor
for monolithic composites

factors for each term (g=0 and 1) of polynomial
loading and for various local and global fiber
volume fractions are analyzed. When the local
fiber volume fraction is high(V;-=0.8), the
global fiber volume fraction does merely influ-
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-
l

Fig. 6 Geometry of hybrid composites

" a/ tm

Fig. 7 Comparison of dimensionless mode II] stress
intensity factors between monolithic and
hybrid composites

ence the stress intensity factors. When the local
fiber volume fraction is low ( V/,»=0.2), however,
the global fiber volume fraction (Vgr) contrib-
utes significantly to the dimensionless stress inten-
sity factors if the cracked epoxy layer is thin (g /
Imo>1)-

3.2 Case of hybrid composites

The hybrid composites case as shown in Fig. 6
is considered. The local fiber volume fraction
near the cracked epoxy layer region,Vip, is
defined as

— tfl
Vie= tmot in (23)
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Also, the global fiber volume fraction far from the
cracked epoxy layer region, Vg, is defined as

In Fig. 7, the dimensionless stress intensity
factors for each term of polynomial loading in
case of various composites. The Boron-epoxy
composites yields the smallest stress intensity
factors.

4. Conclusions

The stresss intensity factors for a center crack
subjected to an anti-plane shear loading in the
orthotropic multi-layered material is analyzed by
Fourier integral transform method. The following
conclusions are obtained:

(1) The limiting case for the present solution
agrees with Chen and Sih(1973).

(2) For the case of multi-layered material, the
dimensionless stress intensity factors for each term
of polynomial loading increases as crack length to
layer thickness ratio and shear modulus ratio
increases, and as the number of layer and the
order of each term of polynomial loading
decreases.

(3) For the case of monolithic and hybrid
composites, it is found that relatively larger
dimensionless stress intensity factors are produced
when the local fiber volume fraction is low. Also,
the global fiber volume fraction contributes sig-
nificantly to the dimensionless stress intensity
factors if the cracked matrix layer is thin.
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Appendix

The elements of @ in Eq. (9) is as follows.

Qui—nes-n= I}e'”’iaq

Qus-van=e"'d*

Qui-vassn=—e &%

Qiei-n=- e"”’ﬁaj'_E

Qenan=e"'d®

Q(z;)(zs+u=e“°’“ﬂaq(j=l to n—1) (Al
Qai-nei-n=—1I5e* ot
Qunas-n=—e"4*(j=2 to n—1) (A2)
Q(zn—l)(zn-2)= 1.0

Qen-1y@n-2=— e g (A3)

where  B:= Ve [ty »  IT5= Yixottsy /
Vixgsnyiry (G=1 = n—1)

All other components are zero.



